Abstract: Physical Phenomena's located around us are primarily nonlinear in nature and their solutions are of highest significance for scientists and engineers. In order to have a better representation of these physical models, fractional calculus is used. Fractional order oscillation equations are included among these nonlinear phenomena's. To tackle with the nonlinearity arising, in these phenomena's we recommend a new method. In the proposed method, Picard's iteration is used to convert the nonlinear fractional order oscillation equation into a fractional order recurrence relation and then Legendre wavelets method is applied on the converted problem. In order to check the efficiency and accuracy of the suggested modification, we have considered three problems namely: fractional order force-free Duffing-van der Pol oscillator, forced Duffing-van der Pol oscillator and higher order fractional Duffing equations. The obtained results are compared with the results obtained via other techniques.
Introduction
Importance of fractional calculus [1] [2] [3] has increased a lot especially over the past few decades. Physical phenomena, describing fractional oscillation equations [4] [5] [6] , are mainly nonlinear in nature. In general, exact solutions of these governing fractional oscillation equations are not available. Therefore, different techniques for finding approximate analytical solutions of such problems were developed. Recent commonly used techniques are Adomian's Decomposition Method [7, 8] , Homotopy Perturbation Method [9] , Exp-function Method [10] , Rational Homotopy Perturbation Method [11] , Variational Iteration Method [12] and Wavelets Techniques [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Wavelet techniques, one of the relatively new techniques, employed for solving wide range of problems related to various branches of engineering and applied sciences. Wavelet techniques are used in image processing, flow injection analysis, infrared spectrometry, chromatography, mass spectrometry, ultraviolet-visible spectrometry and voltammetry. Wavelets are also used to solve certain problems in quantum chemistry and chemical physics, see [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and the references therein. With the passage of time, lots of developments have been taking place in this area, which are helpful in increasing the accuracy of these schemes. The most common related schemes are Haar Wavelets [14] , Harmonic Wavelets of successive approximation [14] , Legendre Wavelets [15, 16, 21] , CAS Wavelets [17] , Wavelet Collocation [18, 19, [22] [23] [24] [25] and Chebyshev Wavelets [20] . It is to be highlighted that Abd-Elhameed and Youssri [22] introduced new spectral solutions of multi-term fractional order initial value problems with error analysis in the recent past. Moreover, Abd-Elhameed et al. [23] extended new spectral second kind Chebyshev wavelets algorithm for solving linear and nonlinear second order differential equations involving singular and Bratu type equations. It is worth mentioning that Youssri et al. and Doha et al. [24] [25] developed an excellent scheme which is called Ultraspherical wavelets method and applied the same on LaneEmden type equations, some other initial and boundary value problems and hence calculated extremely accurate results. Inspired and motivated by ongoing research in this area, we propose Legendre Wavelet-Picard Method (LWPM) to solve the nonlinear fractional oscillation equations. The obtained results are highly encouraging and reflect an excellent level of accuracy. Finally, solutions obtained by LWPM are compared with Variational Iterational Method (VIM) using exact Lagrange multiplied and Ultraspherical Wavelets Collocation Method (UWCM) [24] . It is observed that wavelets basis of the suggested scheme may be obtained as a direct case of Ultraspherical wavelets, see [22] [23] [24] [25] and the references therein.
The fractional order forced Duffing-van der Pol oscillator is given by the following second order differential equation [3] :
where is the Caputo derivative, ( , , ) = ( ) represents the periodic driving function of time with period = 2π/ω, where is the angular frequency of the driving force, is the forcing strength and > 0 is the damping parameter of the system. Duffing-van der Pol oscillator equations can be expressed in three physical situations:
(1) single-well > 0, > 0; (2) double-well < 0, > 0; (3) double-hump > 0, < 0.
Caputo's fractional derivative of order is given by
For < ≤ , where − 1 < ≤ , ℕ.
Legendre Wavelets and Picard's Iteration

Legendre Wavelets
Wavelets [20] are defined by the following formula, where and are dilation and translation parameters
By restricting the parameters and to discrete values as = , = , > 1, > 0, we have
where , form a wavelet basis for ( ). Legendre wavelets , ( ) = ( , , , ) involve four parameters in which = 1,2, ⋯ , 2 , is any positive integer, is the degree of the Legendre polynomials and t is normalized time. They are defined on the interval (−1, 1) as
where
. For orthonormality, coefficients are used which are given in Equation (2) . Here ( ) are the Legendre polynomials of degree m and satisfy the following recursive formula
Legendre polynomial's are also a special case of Ultrasperical harmonic polynomials [22] [23] [24] [25] and can also be derived from these directly. The solution obtained by Legendre wavelets is of the form
where , ( ) is given by the Equation (1). We approximate ( ) by the truncated series
Then a total number of 2 M conditions should exist for determination of 2 M coefficients , , ⋯ , , , , ⋯ , , ⋯ , , , ⋯ , .
Some equations are furnished by the initial or boundary conditions, while for remaining equations we replace . ( ) in our differential equation to recover the unknown coefficients , .
Convergence
Convergence of Legendre wavelet method is discussed in [21] . The statement of theorem is as follows: Theorem 1. The series solution (3) converges to (t), when 2 , M → ∞.
Picard's Iteration
Picard technique is used for solving nonlinear differential equations. Consider the following nonlinear, second order differential equation:
where , consists of linear term and , consists of nonlinear terms only, with conditions
Applying Picard technique to Equation (7) Firstly applying Picard Technique, we have Table 1 and Figure 1 ). Table 2 and Figure 2 ) Table 3 and Figure 3 ) Table 4 and Figure 4 . Solutions are given in Table 5 and Figure 5 . 
Conclusions
In this paper, a systematic technique, is employed and executed successfully to solve the emerging problems modeled from nonlinear fractional oscillation phenomena. The results are also obtained via LWPM, VIM, UWCM and RK-4 method. Comparison with VIM, UWCM of the approximate solutions show that UWCM is more accurate as compared to VIM. Moreover, proposed LWPM shows slightly better results as compare to UWCM and VIM which is mainly due to the insertion of Picard's iteration technique with the nonlinear part. It is also observed that in certain cases [24] , UWCM has some edge over LWPM. It is also concluded that suggested scheme (LWPM) may be extended for some other nonlinear problems of diversified physical nature.
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